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Attitude Estimation for a Flexible Spacecraft in an Unstable Spin

Mark L. Psiaki,* Eric M. Klatt,” Paul M. Kintner Jr.,* and Steven P. Powell’
Cornell University, Ithaca, New York 14853-7501

An attitude reconstruction algorithm has been developed for a flexible sounding rocket whose spin vector nutates
unstably aboutits minor inertia axis. The attitude estimates are needed for postflight analysis of the rocket’s science
data. An additional goal of the work is to show that a flexible-body model can be used in a Kalman filter or in a
smoother. The attitude is estimated using a smoother whose dynamic model includes a main rigid body and a pair
of elastic booms. Boom flexure is the principal cause of nutation instability. Boom bending is modeled by a Markov
process, but the laws of mechanics are used to determine its influence on the attitude dynamics. This smoother
achieves a better attitude estimation accuracy than can be achieved using a rigid-body model. The peak attitude
error is estimated to be 4 deg, and the principal error source seems to be the limited accuracy of the rocket’s

attitude sensors.

I. Introduction

HIS work deals with the postflight attitude determination for a

sounding rocket mission, the Cleft Accelerated Plasma Exper-
imental Rocket (CAPER). CAPER was launched from the Andoya
Rocket Range in Norway in January 1999. Its flight lasted slightly
longer than 1200 s and reached an apogee altitude of 1360 km. The
goal of this mission was to study the behavior of the ionosphere
during auroral events. Attitude information is needed to transform
CAPER’s measurements of electric field components into geodetic
coordinates. An attitude accuracy of from 2 to 4 deg is considered
acceptable for the mission.

From an attitude determination standpoint, the important char-
acteristics of the CAPER sounding rocket were as follows: Its at-
titude sensors were a vector sun sensor with a slit field of view, a
fixed-head horizon crossing indicator (HCI), and a three-axis mag-
netometer that was mounted on a short boom. The rocket’s attitude
was passively spin stabilized with the nominal spin vector directed
along its minor inertia axis. CAPER deployed several booms after
exit from the atmosphere and after the final stage motor burn. The
longest of these were two flexible 3-m booms that deployed per-
pendicular to the nominal spin axis and in opposite directions from
each other. A schematic diagram of this configuration appears in
Fig. 1.

Minor-axis spin stabilizationis often used in soundingrocket ex-
periments. Near the dawn of the space age, the Explorer-1 mission
demonstrated that such a configuration has an unstable nutation
mode due to energy dissipation in the flexible booms.! In many
sounding rocket experiments it is acceptable for the nutation am-
plitude to grow as long as the resultant coning half-angle does not
become too large by the end of the flight.

There are two major challenges in doing postflight attitude de-
termination for CAPER. The first is the lack of rate-gyro data. This
challenge dictates the use of an Eulerian dynamics model to propa-
gate the attitude and rates between measurement sample times. The
model becomes especially important toward the end of the flight,
when only magnetometer data are available. The attitude estimate
in rotation about the magnetic field vector is based solely on dy-
namic model propagation during this phase, and model inaccuracy
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will lead directly to attitude inaccuracy. The second major chal-
lenge springs from the first: The rocket’s attitude dynamics model
contains two sources of significant uncertainty. One is error in the
prelaunch reported values of the moments and products of inertia.
The other is bending motion of the booms.

There is a significant body of research that is related to this atti-
tude determination problem. A number of studies have been made
of the dynamics and stability of nonrigid spinning spacecraft, for
example, see Ref. 2. They describe how dissipative flexible-body
motions can cause nutation instability. Such studies are relevant to
the development of a dynamic model for use in CAPER’s attitude
determination smoother.

Other relevant works deal with the general problem of spacecraft
attitude determination. References 3-7 are examples of this type
of work. They all employ Kalman filters in one form or another to
estimate attitudebased on a time series of measurements. Traditional
filters, which propagate the attitude using rate gyros to avoid the
use of uncertain dynamic models are discussed in Refs. 3 and 4. In
Refs. 5-7,anewerbreed of attitude determinationfiltersis employed
that do not use rate gyros. They explicitly include the attitude rates
inthe filter state and use Euler’s equationsto propagatethe estimates
of these states.

The current work extends the dynamic modeling ability of the
newer filter/smoother design approach. Extensions are needed be-
cause of CAPER’s instability. In Refs. 5-7, stable systems that ex-
perienced only small perturbations from a nominal state are dealt
with. CAPER had a nutational instability that caused its coning
half-angle to grow from 20 deg at the beginning of the flight to over
75 deg at the end. Therefore, its attitude reconstruction smoother
needs a dynamic model that is accurate over a large portion of the
state space.

One new feature of the CAPER smoother is that its dynam-
ics model explicitly includes flexible-body effects. The filters of
Refs. 5-7 all used rigid-body models. A spacecraft that had signif-
icant flexible-body motions due to launch damage is dealt with in
Ref. 7, but those motions are approximated by using random-walk
torques to perturb a rigid-body model. Unfortunately, the Ref. 7
approach works poorly for CAPER.

Another new feature of the CAPER smoother is that it explicitly
estimates five of the six inertia parameters of the main rigid part of
the spacecraft. The sixth parameter is not observable. Estimation of
these inertia matrix elements improves the fidelity of the dynamic
model over the wide range of spin states that occurred during the
CAPER mission.

This paperuses a smootherto estimate CAPER’s attitude because
its task is to perform attitude reconstruction. Nevertheless, its main
contributions are equally applicable to the real-time filtering case
because of the close link between smoothing and Kalman filtering.

This paper’s methods and findings are presented in two main
sections. Section II describes the attitude reconstruction smoother.
Section III presents the attitude determinationresults that have been
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Fig.1 CAPER sounding rocket configuration.

obtained using this smoother. Section III also compares these results
with those of a Ref. 7 type smoother. Section IV summarizes the
main conclusions.

II. Smoother Design

A. General Smoother Problem Statement

A sampled data square root information filter/smoother (SRIF/S)
has been chosen as the means of reconstructing CAPER’s attitude
time history. It is an extension to the nonlinear case of the covari-
ance smoother of Ref. 8. This smoother starts with a forward SRIF
filtering pass and follows it with a backward covariance smoother
pass. The extended algorithmis describedin Ref. 7. It approximately
solves a problem of the following form:

Find

x;andu; for j=0,..., N, w;for j=0,...,(N—1) (la)
J J J

to minimize

1] = 2 - 2
I=3 Z 1 Ruw; = 2] + Z 1R = 2|
=0 j=0

+ | Roxo = % (1b)

subject to
X1 =faxj,w;, J) for j=0,....,(N—=1) (l¢)
0=h(x;,y;,j)tu; for j=0,...,N (1d)

In this model form, x; is the state vector at sample time #;, w; is
the process noise that acts from sample time 7; to ;. ,y; is the
measurement vector at time ;, and u; is the residual measurement
error attime 7;. The discrete-timedynamics are defined by the vector
function f, (x;, w;, j) indifferenceequation(1c). The implicit mea-
surement model is defined by the functionk(x;,y;, j) in Eq. (1d).

This smoother is a maximum likelihood estimator. The square
nonsingularmatrices R,,jy, Ry(;),and Ry and the vectors z,,;), Zu(j)»
and 7o are used to define the least-squares cost function in Eq. (1b).
These quantities also constitute a model of the a priori statistics of
the process noise, the measurement error, and the initial state:

—1 —1 -1 17
w; ~ N{Rm(_,’)zm(.i)s Rm(j)[Rm(j)] } (2a)
—1 —1 117
i~ N{Rumzutfﬁ R [R] } (2b)
~ ~ ~ ~ 1T
xo ~ N{R(;‘zo, Ry'[R;'] } (2¢)

where the notation ¢ ~ N{v, P} indicates that ¢ is a sample from
a multivariate normal distribution whose mean is v and whose co-
varianceis P. This problem model assumes that the random vectors

w;,u;, and x, are uncorrelated in time and uncorrelated with each
other.

The dynamics functionf,; (x;, w;, j) that appears in the discrete-
time difference equation is defined via numerical solution of the
following continuous-timeinitial value problem:

x(t) = fLlx(1), wj, t] for t <t <ty (3a)

.i'(tj) =X; (3b)

The discrete-time function f; (x;, w;, j) is defined as x(¢; ), the
solution of the initial value problem at time 7, , ;. The Runge-Kutta
technique is used to solve this initial value problem.

The CAPER attitude reconstruction problem can be modeled in
this form. The function f.[x(¢), w;, j] is defined using a flexible-
body attitude dynamics model and a colored noise process distur-
bance model. The elements of the vector function h(x;,y;, j) im-
plicitly model the sun sensor, HCI, and magnetometer outputs. The
matrices R, jy, Ry, and Ry and the vectors z,,(j), Zu(j), and zy are
chosen partially based on the expected levels of random uncertainty
and partially by tuning them to achieve a reasonable solution.

B. Smoother State Vector
CAPER’s smoother state vector is

x = [w; Quns &5 a; Alxx; Alxy; Alxz; A[y)'; Alyz; Rin; AhHCI; bbias]
C))

It has 21 elements. The first three elements are the vector w, the
inertial spin rate expressed in a coordinate system that is fixed to
the main rigid part of CAPER. This coordinate system is depicted
by the x, y, and z axes in Fig. 1. The nominal spin axis is the z
axis. Throughoutthe remainder of this paper, this coordinate system
will be referred to as the body-fixed or spacecraft-fixed coordinate
system. The attitude quaternion g, constituteselements 4-7 of the
state vector. It can be used to calculate the coordinatetransformation
from inertial coordinates to body-fixed coordinates A, (¢), where
¢, the normalized quaternion,is computed as ¢ = gy, /l|qu || because
¢., may lose its normalization. The formula for A,.;,(¢q) is givenin
Ref. 1. This technique of using an unnormalizedquaternionis one of
several known ways to deal with difficulties that can arise when one
includesan attitude quaternionin the state vector of a Kalman filter.’

The next two elements of the state vector come from the flexible-
body part of the CAPER dynamics model. The eighth state vector
element is «, the effective articulation angle of the flexible booms.
The effectivearticulationis single-degree-of-freecomrotationabout
the 0, axis; this axis is perpendicular to both the nominal boom
direction and the nominal spin direction. The angle « and the unit
vector v, are depictedon Fig. 1. The ninth state vectorelementis c.

The next five elements of the state vector, Al,, Al, Al
Al,, and Al,,, are perturbations of inertia matrix elements for
the main spacecraft body. There are perturbations for every inde-
pendent element of the inertia matrix except for the nominal spin
axis inertia.

The 15th-17th elements of the state vector constitutethe random-
walk disturbance torque vector n;,. This disturbance vector is de-
fined in inertial coordinates.

The remaining elements of the state vector are sensor biases.
The HCI's trigger height bias Ahycy is the 18th element of the state
vector. The magnetometer’s bias vector by, constitutesthe last three
elements of the state vector.

C. Dynamics Model

The CAPER dynamics model consists of a set of differential
equations that define the vector functionf,(x, w, t), which appears
in Eq. (3a). Some of these equations are based on physics. Others
constitute statistical models of random processes. The differential
equationfor the first three elements of x is a generalizationof Euler’s
rigid-body attitude dynamics equation. It includes the effects of
flexible motion of the booms and equates the inertial rate of change
of the angular momentum vector to the net external torque:

o 71 2 A . r 2 A .
w=1I {—2m[iplﬁpv1ba — [yw —w X [Im[w + 2m[ipl[ipv1ba]

+ ngg (11, Tin, Itol) + Asc/in (q)nin + wsc} (5)
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The matrix Iy is the total inertia of the main rigid body plus the
flexible booms. It is computed about the system center of mass and
is expressed in body-fixed coordinates. The quantities m, and g,
are, respectively, the tip mass and length of each of the flexible
booms. The booms are assumed to be massless except for mg,.
The vector function nge(q, rin, 1) is the gravity gradient torque,
which depends on the normalized attitude quaternion, the inertial
position of the spacecraft in Earth-centered coordinates, r;,, and
the spacecraft total inertia. The vector wy, is a white-noise process
disturbance torque that is expressed in body-fixed axes.

The total spacecraftinertia can be computed by considering the
geometry of Fig. 1. This computation uses unit vectors ¥y, ¥y, and
3. The direction vy, lies along the nominal boom direction. It is
perpendicularto v,;. The direction 3, is defined by the right-hand
rule: P3, =¥y, X ¥y, Given these definitions, the total inertia is

Al AL, Al
[[0[ = Irb + Alxy A[y). Alyz + 2mﬁpl[2ip [i'lbf'lTb + Sil’l20( f’zba;b
Alxz A[y: 0

—sina cosa(Payp7, + 93,97, ) + cos® ava,i, | (©6)

where I;, is the nominal inertia that the spacecraft would have if I,
were zero. Itis expressedinbody-fixed coordinatesaboutthe system
center of mass. The time derivative I, can be derived from Eq. (6)
by using the chain rule and noting that « is the only time-varying
quantity.

Equation (5) includes two random disturbance torque terms,
Agin(@)ni, and wy.. The first is a random-walk torque, and the sec-
ond is a white-noise torque. Similar terms appear in the smoother
model of Ref. 7. There are two main differences between these
random torques and those of Ref. 7. The first is that the assumed
intensities of these torques are much lower, relative to the spacecraft
size, than those of Ref. 7. In other words, much less random torque
is allowed as a way of fitting the measured CAPER data. The other
difference is that Ref. 7 included a body-referenced random-walk
torque, but the current model does not. Instead, it estimates in-
ertia matrix perturbations Al,,, Al,,, Al,,, Al,,, and Al,,. This
alternative approach achieves similar effects, but in a way that is
physically more realistic.

The attitude kinematics are governed by'

0 w, —w, o

. 1| —o, 0 w,
qun = E o, —w, 0 w; Gun 7

-0, —w, —w, 0

where w,, w,, and w, are the three body-fixed components of the
spin rate vector w.

The boom’s rotational articulation motions are modeled by a
second-order Markov process:

o= _ald — au + Wy (8)

where a; and a, are constants that define the time correlation of the
process and w,, is the white-noise input that drives the process. This
model is not based on physics.

A physics-based model of the boom articulation motions has
been considered during the development of this estimation sys-
tem. It includes four flexible-body degrees of freedom and all of
the usual physical interactions between the flexible booms and the
main rocket’s rigid body. Each boom is allowed to undergo first-
mode bending in two planes. The resulting model has four boom
flexure modes and rigid-body-type nutation and spin modes. The
four flexible-body modes’ oscillation frequencies are predicted to
lie between 1.3 and 1.8 times the nutation frequency. These four
modes are stable with predicted decay time constants on the order
of 5 s or less. Thus, these flexible body modes decay to zero long
before the start of the data interval.

This model’s nutation mode is unstable. It includes slight boom
articulations,which cause the instability. The articulationsoccur pri-
marily in the plane that includes the nominal boom axis and the spin

axis. The two booms oscillate 180 deg out of phase with each other.
The model associated with Eq. (8) has been designed to capture this
type of motion. It is possible to develop a physics-based version
of Eq. (8), one that includes an actual boom stiffness and damping
and the coupling effects of w and @ due to centrifugal, Coriolis,
and angular acceleration effects. Such a model has not been used
because the accuracy of the physics is poor due to large uncertain-
ties in the booms’ stiffness and damping. The Markov model allows
the smoother to use the sensor data rather than physics to determine
reasonableboom motions that can explainthe growth in the nutation
oscillations.

The dynamic models for the rates of the remaining elements of
the state vector, elements 10-21, are as follows:

Al =ALy, = AL, =Al,, =Al,, =0 (9a)
ny, =w, (9b)
Ahyer =0 (9c)
b = 0 (9d)

In other words, all of the remaining state vector elements are mod-
eled as being constants, except for ny,. It is modeled as being a
random-walk vector whose time evolution is driven by the white-
noise process disturbance vectorw,,.

The process noise vector that appears in problem (1a-1d), w, is
seven dimensional and can be defined in terms of the white-noise
process disturbances that appear in Egs. (5), (8), and (9b):

W = [Wes Wy Wyl (10)

D. Attitude Sensor Models

The mathematical models of the attitude sensors are expressed
in the functional form h(x;,y;, j) that appears in Eq. (1d). This
functioncompares the measured attitude datay with a predictionthat
is based on the estimated state vectorx. Each elementofh(x;,y;, j)
measures the agreement between the model and the data. Perfect
agreement yields h(x;,y;, j) =0 (Ref. 7).

1. Sun Sensor Model

The sun sensoris a slit-type device that digitizes a solar elevation
angle whenever the sun passes through the plane of its slit. It pro-
duces a measured sun vector in spacecraft coordinates Sc(meas) ONCe
per spin period. This sample period is 5 s at the beginning of the
flight, but it lengthens throughout the flight as the spin rate decays.
One can determine a modeled value of the sun unit vector in inertial
coordinatessineph) from the solarephemeris. Given these quantities,
the sun sensor elements of h(x;,y;, j) are

hSS(xjv ,V_,' ) .]) = §sc(meas) X [Asc/in (ll) §in(eph)] (1 ])

This vector defines the rotation needed to align the measured and
modeled sun directions.

The expectedraw accuracy of CAPER’s sun sensoris about 1 deg.
Its elevation digitization resolution is 2 deg, but the pixel intensity
data admit finer interpolation. The sensor is uncalibrated, which is
why its accuracy is so low. Two additional error sources are the
Earth’s albedo and the mounting alignment tolerance, which is on
the order of 1 deg. The net measurement accuracy of this instrument
has been modeled as being about 2-3 deg.

2. HCI Model

The HCI is a narrow field-of-view telescope whose line of sight
is fixed in the body frame. It measures the total received intensity
in a radiation band that is emitted by atmospheric CO,. Body axes
rotation causes the telescope line of sight to scan, and the detector’s
output undergoes sharp changes when it scans through the point
of tangency to an ellipsoid that is approximately 40 km above the
surface of the oblate Earth. The HCI’s output data are the times of
these abrupt changes in the signal level. These outputs come twice
per spin period (i.e., twice every 5 s at the start of the flight), but
more slowly near the end.
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The HCI’s h(x;,y;, j) element is defined by the tangency
condition. The mathematical model for the tangency condition
uses a weighting matrix to deal with the Earth’s oblateness: P =
diag{l, 1, [(req +40km + Ahycy) /(rpo +40km + Ahyc) ]}, where
Teq is the equatorial Earth radius and r,, is the polar Earth radius.
The model also uses two vectors that are weighted by this matrix:
r, = Pry,, and v, = PAL, (q)Pscqucry. Where Pyequcr) is the unit vec-
tor that points along the HCI line of sight in body-fixed coordinates.
Recall thatry, is the inertial spacecraft position relative to the Earth,
which is supplied by an onboard global positioning systemreceiver.
Given these definitions, the HCI part of the h(x;, y;, j) functionis

huci(®;,y;, J) = (req +40km + Alyer)?

T T T
- rw (I - vaw /vwvw)rw (1 2)

T
w

This formula requires that v
levels of measurement error.

The accuracy of this attitude measurement depends on the un-
certainty in the trigger height. Trigger height uncertainty can result
from two sources. One is a height variation of the Earth’s atmo-
sphere as a function of the season and the local time of the point
of tangency.'® Additional uncertainty comes from the way that the
detector’s raw intensity data get translated into a time of tangency.
A simple approach has been used: Tangency is considered to oc-
cur when the detected intensity reaches 50% of its maximum value.
Data analysis shows that the resulting trigger height random errors
may be as large as 70 km. This error magnitude translates into a
0.9-deg attitude measurement error at CAPER’s 1360-km apogee
altitudeand a 1.7-degerror at the lowest altitude of interest,420 km.

r, <0, which is true for reasonable

3. Magnetometer Model

The magnetometer is a three-axis flux gate device. Its output is
the measured magnetic field vector in spacecraftcoordinatesbg mes)
(tesla). It is sampled at a nominal frequency of 4 Hz. It can be
used as an attitude reference by comparing it with the known iner-
tial magnetic field, which comes from a model.""!! If the modeled
inertial field iS bi(moa) (in, 1), then the mathematical model of the
magnetometer part of h(x;, y;, j) is

hMAG(xjvij .]) = (bsc(mes) - bbias) - Asc/in (ll) bin(mod) (rinv t) (13)

This error is a simple difference between the modeled field and the
measured field, in spacecraft coordinates, after the estimated bias
states have been subtracted from the measured field.

There are various sources of error in the magnetometer data. Er-
rors from spacecraft-generated fields are low due to the sensor’s
location on a boom. Similarly, errors due to resolution and miscal-
ibration are all low, under 6 nT. The dominant errors come from
the sensor’s loose orthogonality and alignment requirements, only
+1 deg, from uncertainty in the Earth’s magnetic field model, and
from disturbancesto the field. These errors add about 1000 nT to the
measurementuncertainty.For the field magnituderange experienced
during the flight, 32,000-46,000nT, these error levels translate into
an attitude measurement uncertainty on the order of from 1 to 2 deg.

E. Miscellaneous Smoother Details for CAPER Application
1. Attitude and Rate Initialization

Proper initialization of the filter/smoother’s attitude and attitude
rate is important due to the nonlinear nature of the extended es-
timation algorithm of Ref. 7. A poor initialization could lead to
divergence during the forward filtering pass.

Initializationis accomplished as follows: First, the magnetic field
time history is used to estimate the initial spin vector in space-
craft coordinates. The procedure neglects the slow inertial time
variations of the magnetic field direction that are caused by the
rocket’s motion along its trajectory. This leads to the relationship
b = —w x by =by. X w, where by, is the unit direction vector of
the Earth’s magnetic field as measured in spacecraft coordinates.
The vector by (t) is available from the magnetometer (if one ne-
glects biases), and b..(t) can be derived from b (¢). If one uses
this relationship at two different times that are approximately a
quarter of a spin period apart, then one can derive a set of six linear

equations in the three unknown elements of w. If the spin vector is
not aligned with the field vector, then four of these six equations are
linearly independent, and this overdetermined set of equations can
be solved in a least-squares sense to estimate w. The spin and field
vectors are not aligned for the initial part of the CAPER data set;
thus, this technique works well.

Once the spin vector is known, the only remaining task is to
estimate the initial attitude quaternion q,,. It is estimated by using
measured and reference values of two noncollinear unit direction
vectors, the normalized magnetic field vector and the sun direction
vector. The initialization is carried out at an instant when both of
these measurements are available.

All other elements of the state vector are assigned a priori values
of zero at the initial time of the filter/smoother data interval, #,.
Therefore, only the first seven elements of the vectorz, are nonzero
because these are the elements associated with the spin rate and the
attitude.

2. Data Validation

Two simple checkshave been performedto validatethe sun sensor
and magnetometer data. One quantity that has been checked is the
magnitude of the measured magnetic field. It has been compared to
the magnitude of the modeled field. The maximum absolute differ-
ence between measured and modeled field magnitudesis 1530 nT,
and the maximum percentagedifferenceis 4.2%. These valuesoccur
when there is no magnetometer bias estimation. With bias estima-
tion, the maximum respectivedifferencesare 600 nT and 1.8 %. This
low error level indicates that the magnetometer measurements are
reliable.

The other data check has compared the measured and modeled
values of the angle between the sun vector and the magnetic field
vector. With compensation for magnetometer biases, the maximum
angular discrepancy between the measurements and the model is
2.8 deg. This level of agreement is acceptable given CAPER’s
required attitude accuracy. It indicates that the attitude accuracy
from the sun sensor, from the magnetometer, or from both is about
2-3 deg.

3. Data Editing

Some of the sun sensor and HCI data seemed to be invalid. Suspi-
cious data points exhibited large smoothed measurement residuals
u;. All such data points have been discarded. In total, 9 out of 235
HCI data points have been discarded, as have 6 out of 98 sun sensor
datapoints. All of the edited sun sensorpointsoccurred afterapogee,
when CAPER’s coning half-angle had grown to more than 55 deg.
At such large coning half-angles the sun sensor sometimes had a
problem with a high-readinglow-reading ambiguity in its output
digitization map. The edited HCI data mostly occurred well before
apogee. It is not clear what might have contributedto errorsin these
data points, except that there may have been a breakdown in the
algorithm for deducing horizon crossing times from the recorded
radiation intensity time history.

4. Sensor Alignment Estimation

Sometimes attitude determination filters or smoothers are used to
estimate sensor misalignments, as in Ref. 7. In the present case, it
was not considered to be worthwhile to try to estimate the relative
misalignment between the sun sensor and the magnetometer. This
decision was made because it is difficult, perhaps not even possible,
to estimate this misalignment accurately.

The one misalignment that has been estimated is that of the HCI
bore sight vector as measured in spacecraft coordinates g gcr-
There were early indications that the reported direction of this vec-
tor could be in error by as much as 2 or 3 deg. The misalignment of
this vector has been estimated by using a batch process. The batch
process makes use of the basic smoother. The smootheris run using
a large assumed HCI measurement uncertainty, which causes the
algorithm to ignore the HCI data and to use only magnetometer and
sun sensor data to form its attitude estimate. This attitude estimate
is then used to calculate HCI measurement errors hyci(x;,y;, j).
The vector Vymcry is then perturbed in two orthogonal directions,
and the smoother is run two more times to determine the effect
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of Pmcr) perturbations on the HCI measurement errors. Finally,
this linearized model is used in a batch least-squares calculation to
correctb.qcy in sucha way that the corrected vector yields the min-
imum mean square HCI measurement error. This procedure results
in a 2.1 deg correction to the direction of b cr)-

5. [Iterative Inertia Matrix Estimation and the Final Estimate

The smoother assumes nominal values for the six elements of
I,, and it estimates perturbations to five of these parameters. The
smoother’s performance can be slightly influenced by large errorsin
the initialnominal values of inertia parameters. One influence comes
from the nonlinearity of the smoother, and the other influence comes
from the need to assign some noninfinite initial level of uncertainty
to the five estimated perturbations.

An iterativeinertiaestimation processhas been employed to min-
imize the impact of initial errors in the nominal values. This iterative
process is simple: The smoother is first run using design values for
the nominal inertias. The next time the smoother is run, it uses new
nominal values, the precedingnominal values plus the estimated per-
turbations from the preceding smoother run. This process has been
iterated only two times, after which the estimated perturbations are
all less than 1% of the system’s maximum principal inertia.

The final estimates of the nominal total system principal inertias
are 211.73, 190.84, and 18.72 kg - m?. These inertias include the
booms, whose propertiesare [y, = 3.24 m and m;, = 0.4288kg. The
initial spinrateis 1.35rad/s, which givesriseto arigid-bodynutation
frequency of 1.23 rad/s. Toward the end of the flight, the spin rate
slows to 0.35 rad/s, which corresponds to a nutation frequency of
0.32 rad/s.

6. Smoother Tuning

The smoother gets tuned via selection of quantities that model
various a priori error statistics. The matrix R, is initialized to reflect
the estimationerror covariances for the a prioriinitial state estimate,
Xo= RO’IZO. Except for a modification in the quaternion terms, Ry
is a diagonal matrix. Each diagonal element is of the form 1/o,
where o is an a priori state estimation error standard deviation.
The a priori standard deviations are 16 deg/s for each element of
the spin vector w (20% of the initial spin rate); 15 deg for each
independentdirection of attitude uncertainty; 10 deg for the initial
« uncertainty; 20 deg/s for the initial & uncertainty; 30 kg - m? for
the initial AI,, and AI,, uncertainties; 10 kg-m? for the initial
Al,, Al and Al uncertainties; 0.0006 N - m for each element
of the inertial random-walk disturbance vector n;,; 20,000 m for
the HCI trigger height bias Ahycr; and 3000 nT for each element
of the magnetometer bias vector by;,,. With the exception of the
random-walk disturbancetorques, these a priori standard deviations
have been chosen to be as large as seemed practical. This approach
minimizes the initializations’ effects on the final smoother solution.
The possibilityof filter/smootherdivergenceis what places practical
maximum limitations on the sizes of the a priori initial standard
deviations.

The measurementnoise statistics have been modeled as follows:
Zu(j) has been set equal to zero for all sample times because the
measurement errors are assumed to have zero mean. The measure-
ment error standard deviations are used to form the elements of the
diagonal matrix R, ;. As with Ry, if o is the standard deviation of
a particular measurement, then 1/o is the corresponding diagonal
element of R,(;,. The sun sensor measurement standard deviation
was set to 5 deg per axis, the HCI o value was set to 132,000 m,
and the magnetometer’s random error component was modeled as
having a standard deviation of 3000 nT per axis.

The process noise statistical model defines the z,,;, vector, the
R, ;) matrix, and the values of a; and a, in the Markov model of
the boom articulations. The vector z,,(;, has been set equal to zero,
and the matrix R, ;, has been defined as follows:

Rm(j) = diag(l/alna ) 1/O'mn ) I/Uums 1/O'mn )

I/UIHSCS I/UIHSC 1 /UIHSC) A% tj+ 1= tj (14’)

where 0,, =48 deg/s'?®, 0,, =6x 107> N-m/s®, and o, =
1.5x 1073 N-m-s%.

The Markov process in Eq. (8) is assigned an undamped natural
frequency of 2 rad/s and a damping ratio of 0.7071. Therefore,
a;=2.8284s""anda, =452

7. Smoother Tuning Process

The smoother requires a certain amount of tuning to arrive at the
numbers given in the preceding section. The important tuning pa-
rameters are the sensor accuracies that appear in inverse form in the
R, ;) matrix and the process noise intensities whose inverses form
the diagonal elements of R, ;. The magnetometer and sun sensor
error standard deviations are chosen to be about a factor of two
larger than the error levels noted in the data validation section of
this paper. The parameters of the boom articulation Markov model
in Eq. (8), ay, ay, and 0,,, are chosen to give a bandwidth that is
slightly higher than the nutationfrequency and a steady-state« stan-
dard deviation that is about four times larger than what is expected
based on physical models. The remaining tuning parameters, the
HCI measurement error standard deviation and the process noise
intensities for the white-noise and random-walk torques, are chosen
by trial-and-errorruns of the smoother.

The tuning process starts with a larger HCI measurement error
standard deviation and larger process noise intensities than were
reported earlier. The initial trial value of the HCI noise standard
deviationis 1.3 times the final best-case value, and the initial trial
values of the process noise intensities ¢,,, and o, are 33 times
larger than the final values.

Smoothing runs are attempted with successively lower values of
these noise standard deviations until the final best-case values are
determined. The goalis to use the lowest possible values for the HCI
errors and the random torque intensities because it is believed that
these error sources should be small. At some point, the smoother
begins to exhibit poor performance when smaller values for these
noise intensities are used. This poor performance is evident in the
smoother’s measurement error estimates: Their time histories ex-
hibit large spikes. The final best-case tunings of these quantities are
selected as the smallest values that do not cause obvious large spikes
in the smoothed measurement errors.

III. Attitude Determination Results

The smoother of Sec. II has been run on the actual data from
the CAPER mission. Several different runs have been made. Also,
comparison runs have been made using a smoother that employs
only a rigid-body model and larger disturbance torques, like that of
Ref. 7. Results of these runs are presented in this section.

A. Best-Case Smoother Performance

This subsection discusses the smoother’s performance under the
best possible tunings, those that have been presented at the end of
Sec. II.

The first plots to considerare those of the smoothed residual mea-
surementerrors. These are the valuesof the elementsof h(x;,y;, /),
but rescaled into equivalentangular units. The sun sensor error time
histories are plotted on the top plot of Fig. 2, the magnetometer
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Fig.2 Smoothed sun sensor and magnetometer residual measurement
error time histories.
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Fig.3 Smoothed HCI residual measurement error time history.

errors appear on the bottom plot, and the HCI errors are presented
in Fig. 3. The sun sensor and magnetometererrors are both givenin
spacecraft coordinates.

There are several significant points to note about the smoothed
measurement errors. First, there are no sun sensor or HCI measure-
ment errors for the last 200 s of the data interval, thatis, from 300 to
500 s after apogee. The large final coning angles of CAPER caused
this loss of data. Second, all of these errors are of a reasonable size
based on the modeled statistics. The sun sensor errors are all less
than 3 deg, and most are less than 2.5 deg. The magnetometererrors
are all less than 1.6 deg, and the HCI errors are all less than 1.5 deg.
The third point is that the errors appear to have some correlation.
The most striking correlations appear in the HCI errors of Fig. 3.
Roughly speaking, the points of Fig. 3 can be described as forming
a flattened X. The upper-leftto lower-right stroke of the X is formed
primarily by in crossings (i.e., by space-to-Earth scans of the hori-
zon telescope), and the lower-left to upper-right branch of the X
is formed primarily by out crossings (Earth-to-space scans). The
magnetometer errors show a differentkind of correlation. Although
not obvious on the scale of the plot due to the density of the points,
there is a periodicity to the errors that corresponds to the body-axis
nutation period.

Itis notclear why there are correlationsin the smoothed measure-
ment errors. The theory of smoothers says that there should be no
such correlation if the system is perfectly modeled and if the error
sources are truly random. Obviously, some of these assumptions are
violated by the system. One possible source of the systematic errors
is the loose orthogonality specification on the magnetometer axes
and the lack of sun sensor calibration. HCI misalignment cannot ex-
plain the HCI innovations, however, because the HCI alignmenthas
been estimated by minimizing these residual errors, as explained in
Sec. II. Despite these problems with the residuals, this performance
is probably adequatefor the mission athand. In any case, the attitude
accuracy has been checked by an independentmeasurement, as will
be discussed hereafter.

The estimated spin vector time history for this case is shown in
Fig. 4. The spin vector starts out pointed mostly along the z axis,
which is the nominal spin axis. As time progresses, the amplitude
of the (w,, w,) nutation grows, and the magnitude of w, decreases.
At the end of the mission, the spin vectoris about 20 deg away from
the z axis. More importantly, the angular momentum vector is more
than 75 deg away from the z axis at the end of the mission. This
latter angle is the observed coning half-angle of the system, which
means that CAPER was in a flat spin at the end of its flight.

The boom articulation angle time history () is shown in Fig. 5.
This plotis roughly consistent with the response that is predicted by
a physics-based model of this system, that is, by the model that is
describedin the paragraphsthat follow Eq. (8) in Sec. II. The primary
boom responseis an oscillation at the body-axesnutation frequency
of the spin vector, and the magnitude is between 4 and 10 deg peak-
to-peak. The response lags behind the forcing that arises due to
centrifugaleffects and angular acceleration. This lag is what causes
energy loss and the resultant growth of the nutation amplitude.
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Fig.4 Nominal smoother’s estimated spin vector time history, w(z).
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Fig. 5 Boom articulation angle time history «(¢) for the nominal
smoother.

Thereis onestrangepartof Fig. 5, namely, the amplitudebeatsthat
occur during the first 250 s of the data interval. There is no obvious
explanation for these. They correspond to small transient energy
oscillationsin the system that seem to be nonphysical. These beats
may be caused by systematic measurement errors. The resultant
anomalousmotions are not large; thus, it is reasonable to ignore this
problem.

The total external torque for this case is relatively low.
The maximum magnitude of the total estimated random torque,
max | Agein (@Rin + Wy, s 0.0011 N - m. Although small, this value
is at least one order of magnitude larger than the maximum expected
disturbances from drag and solar radiation pressure. An attempt has
been made to model the external torque by estimating a residual
spacecraft magnetic dipole moment, but such a model explains lit-
tle of the observed disturbances. The only possible explanation for
these residual torques is an unknown modeling error either in the
dynamics or in the sensors.

The estimated torques do not cause the estimated angular mo-
mentum vector to drift much in inertial space. The magnitude of the
angular momentum stays within 2.3% of its initial value, and the
inertial orientationdrifts by less than 1 deg. An important feature of
the inertial angularmomentum estimateis its orientationdrift during
the last 200 s of the data interval. As shown in Figs. 2 and 3, there
are no sun sensor or HCI measurements during this time interval.
Therefore, the system is not totally observable because it has only
one useable attitude reference, the magnetic field. This implies that
the smoother’s attitude estimate during the last 200 s is, in part, an
extrapolation from earlier sun sensor and horizon sensor measure-
ments. The angular momentum vector drifts by only 0.2 deg during
this final phase, which implies that the extrapolation is reasonably
accurate.

The nominal smoother’s estimated total kinetic energy time his-
tory is shown in Fig. 6. As expected, this plot shows a dramatic
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Fig. 6 Estimated total kinetic energy time history for the nominal
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Fig. 7 Smoother’s computed attitude error standard deviation time
histories.

loss of energy as the flight progresses. This loss is associated with
nutation growth for a minor-axis spinner. It is caused by damping
in the nutation mode’s boom articulation oscillations.

Figure 6 shows a slight kinetic energy increase for the first 8 s of
the data interval. This increase is nonphysical. Note that this small
wrinkle in the plot occurs at the same time that an anomalous boom
articulation angle beat appears on Fig. 5. It is believed that both
of these responses are the results of the same systematic modeling
error.

Time histories of the smoother’s computed attitude error standard
deviations are plotted in Fig. 7. These are based on the smoother
tuning parameters that have been presentedin Sec. II. These are the
accuracies that the smoother thinks it has achieved. The actual accu-
racies will differ from these values due to various types of modeling
error. Nevertheless, these time histories give a good indication of
how the smoother is performing. They show that it maintains rea-
sonable observability during most of the data interval, as evidenced
by the nearly constant level of the plots from about —500 to 4200 s.
For t > 200 s, the x-axis and y-axis standard deviations drift higher
due to the lack of sun sensor and HCI data, but this growth in the
attitude uncertainty is not rapid enough to cause serious accuracy
problems before the end of the mission.

B. Attitude Checks

These results have been checked using the ¢ method, which com-
putes point attitude solutions.'> The g method has been applied
wheneverthere are simultaneoussun sensorand magnetometermea-
surements. These two vector measurements have been weighted
equallyin the pointsolutions. This check yieldsa 4-degpeak attitude
difference between the g method point solutions and the smoother’s
solution.

The smoother’s attitude estimates have been partially verified
using independentdata. This data comes from electric field probes
thatare mounted at the ends of the booms. These probesare known to

experience voltage spikes when they pass through the rocket body’s
solar shadow. These shadowing times can be predicted based on
the main spacecraft body’s geometry and the smoother’s attitude
estimate. These predictionshave been generated,and they have been
compared to the times of the actual spikes in the probe voltage
time histories. There are 161 observable spikes in the data, and
136 of these match with predicted spikes. The other 25 data spikes
are not predicted at all, probably due to approximation errors of
the geometric shading model that has been used to generate the
predictions. The relevant spikes in the voltage time histories have
been found to agree with the 136 predicted spikes to within 0.14 s.
If one multiplies the estimated spin rate by these timing errors,
then they yield a maximum spacecraft orientation error of 3.9 deg.
These shadowing data extend all of the way to the end of the flight.
Therefore, these positive results verify that the smoother yields a
reasonable attitude estimate even when sun sensor and HCI data are
no longer available.

This shadowing result is better than what is implied by the
smoother’s computed standard deviations. The 3.9-deg shadowing
error is a peak value. Figure 7 shows smoother standard devia-
tions as large as 3.6 deg. Peak errors are typically about three times
larger than standard deviations. Thus, the smoother’s computed up-
per bound on the peak erroris 10.8 deg.

This apparentconservatismof the smoother’s computed variances
is consistent with a comparison between the smoother’s assumed
measurement error standard deviations and the actual computed
measurement residuals, as shown in Figs. 2 and 3. The smoother’s
modeled measurement error standard deviations are significantly
larger than the standard deviations of the computed measurement
residuals (5.2 times larger for the sun sensor, 4.5 times larger for
the HCI, and 13.8 times larger for the magnetometer). This con-
servatism in the smoother’s tuning translates almost directly into a
conservatismin its computed covariances.

C. Conjecture About Factors that Limit the Attitude Accuracy

Itis believed that the limiting factorsin the accuracy of this exam-
ple come from measurementerrors in CAPER’s attitude sensors. As
seenin Figs. 2 and 3 and in the independentdata consistency checks,
the raw attitude measurementerrors are on the order of 1-3 deg. The
shading check demonstrates that the attitude solution has about the
same level of accuracy. Furthermore, there seem to be systematic
effectsin the measurementerrors. These systematiceffects probably
keep the smoother from using its averaging capabilities to achieve
results that are more accurate than the raw sensor data. Therefore,
it is believed that the accuracy of this attitude solution technique
could be significantly improved if better sensors were available.

D. Comparison with a Rigid-Body Based Smoother

The present results have been compared with a smoother like
that of Ref. 7. It uses a rigid-body model of the spacecraft, and
it allows larger disturbance torque estimates to try to account for
various sources of modeling error, including flexible-body effects.
It includes random-walk torques both in inertial axes and in body
axes. The inertial torques account for any unmodeled precession of
the angular momentum vector, and the body-axis torques account
for effects such as principal axis modeling errors.

The CAPER results for this rigid-body type smoother are prob-
lematic. The estimated random torques are large. They vary between
0.3 and 0.4 N - m for most of the run, and they spike up as high as
20 and 28 N - m during two anomalous parts of the smoothed solu-
tion. Even without the anomalous portions, the average estimated
torques are about 300 times larger than for the smoother that uses
a flexible-body model. Such large disturbance torques are totally
inconsistent with the physics of the system.

Figure 8 gives a summary comparison between the two attitude
estimationalgorithms.It plotsthe total angulardiscrepancybetween
the flexible-body smoother’s attitude estimate and that of the rigid-
body smoother. The two smoothers agree fairly well up to about
100 s after apogee. Full three axis attitude measurement data are
available during this time period, and the coning half angle is less
than 60 deg. The two attitude estimates stay within 2 deg of each
other during this period, except for a small initial spike of 4.2 deg.
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Fig.8 Time history of attitude discrepancy between flexible-body and
rigid-body smoothers.

The rigid-body-based smoother experiences serious problems
starting at about 100 s after apogee. These are evidenced by large
residual measurement errors and by spikes in the estimated spin
vector. Figure 8 shows correspondingspikes in the attitude discrep-
ancy between the two smoothers. These are caused by erroneous
360-deg rotations of the rigid-body smoother’s attitude estimate.
The rigid-body smoother has problems in dealing with a sparse set
of measurementdata, a large coning half-angle, or both.

IV. Conclusions

This paper describes an attitude reconstructionsmoother that has
been applied to the CAPER mission. The achieved accuracy of the
smoother is estimated to be about 4 deg per axis. This estimate is
based on the level of the smoothed residual attitude measurement
errors and on independent data: the solar shading times for boom-
mounted electric field probes.

The smoother has two new features that are important to its suc-
cess. First, it estimates corrections to five of the six independent
elements of the inertia matrix of the main spacecraft body. Second,
it explicitly incorporates a simple model of the dominant flexible-
body motion of a pair of elastic booms. The energy loss in the boom
deflections causes nutation growth because CAPER is a minor-axis
spinner. The estimated coning half angle grows from 20 deg at the
start of the mission to over 75 deg by the end of the flight. The
flexible-body model allows the smoother to reconstructattitude ac-

curately at the end of the flight despite the fact that CAPER’s flat
terminal spin causes some of the sensors to stop returning data.
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